ABSTRACT: During the design of mechanical systems one normally exploits numerical analysis and optimization tools. We make a plea for symbolic computation and give an example where structural displacements under load are computed symbolically. Geometrical design parameters enter in this computation. The set of equilibrium conditions, linear in the displacements, but nonlinear in the design parameters, is solved symbolically. The resulting expressions reveal the geometry which yield optimal properties for stiffness or stiffnessto-mass. This technique is applied to a class of repetitive mechanical systems, namely tensegrity structures. A large scale example with 1533 degrees-of-freedom is computed successfully. The results make it possible to optimize the structure with respect to stiffness properties, not only by appropriately selecting (continuous) design parameters, influencing geometry, but also by selecting the number of stages used to build up the structure (a discrete design parameter), influencing topology.
INTRODUCTION
T HE design of mechanical systems exploits numerical analysis tools, e.g., Finite Element Method packages for static or dynamic analysis of continuous models, or Multi Body Dynamics packages for discrete models. In practice, parameter optimization is restricted, because normally the optimization is performed numerically and often requires a large number of cases to be computed. The associated long computing times are cumbersome in practice, and when discrete design parameters are involved, the computations are even more involved. Furthermore, from an educational point of view, the numerical results are not particularly enlightening. In this respect, analytical expressions are still preferred, but difficult to obtain for larger problems, even when considering linear ones.
We consider a powerful class of mechanical systems, namely tensegrity structures of class 1, that are relatively easy to analyze, and so permit analytical solutions. Their main advantage is that an equilibrium is possible in different configurations or shapes.
Tensegrity structures are web-like mechanical structures that consist of two types of members: tensile ones (tendons) and compressive ones (bars). This class of systems has been studied for a long time, see, e.g., Maxwell (1890) , whose terminology consisted of ties and struts instead of tendons and bars. In a class 1 tensegrity structure (Skelton et al., 2001 (Skelton et al., , 2002 ) the bar endpoints, i.e., the nodal points, are only connected to tendons, not to other bars. Tendons are exclusively loaded in tension, otherwise they would buckle because they are very slender. Bars are normally loaded in compression only and not in tension. No bending is assumed to occur in bars.
By changing the length of tendons under load, a tensegrity structure can be made very stiff for any static load acting on the nodal points. It is not always feasible to change the length of all tendons, so the stiffness properties inherent to the structure are important. Since those properties depend on the geometry of the structure it is of interest to study this influence.
Our main goal is to obtain guidelines in the design of planar tensegrity structures of class 1. Structural aspects studied are changes in stiffness and stiffness-to-mass ratio due to variations in the geometry of a planar tensegrity structure.
The procedure we employ is as follows. Two design parameters are introduced that determine the geometry of a cantilever-beam-like structure built up from basic tensegrity crosses, namely the overlap factor and the slenderness ratio of the structure. The structure is repetitive, where the basic pattern, the tensegrity cross, is repeated n times. Using equilibrium conditions (Williamson and Skelton, 1998) and considering small deviations from the equilibrium, a set of equations linear in the displacements can be formulated for each value of n. The design parameters enter nonlinearly in these equations.
These sets of equations can be solved symbolically because they are linear in the unknowns, and the parameter dependency can be parameterized polynomially when over-parameterization is used, i.e., three instead of two parameters. Given the analytical solution for the displacements of the degrees-of-freedom (DOF), as functions of the design parameters, the superfluous design parameter can be eliminated, and it is straightforward to obtain values for the two design parameters that minimize the displacement of a specific point of the structure for a given load at the nodal points, or to obtain values that optimize the stiffness or stiffness-tomass ratio.
Large scale examples with up to 1533 DOF are computed successfully. Results are obtained for three different constitutive equations for the tendons, namely a stress-strain relation that gives a constant stiffness k, or a stiffness that depends on the (unstressed) length l of the tendon as EA=l or EV=l 2 . The results depend on the type of material behavior selected and on the number n of tensegrity crosses that are used to build up the structure.
Besides structure optimization we also study possible geometries of a specific tensegrity structure that still allows for an equilibrium that satisfies the tensile force requirements for the tendons. This is necessary, because not every value of the design parameters will result in a stable tensegrity structure.
In the rest of this paper we first discuss several aspects of modeling tensegrity systems of class 1 with an increasing number n of basic building blocks. Then the results are presented and discussed, and guidelines for the design of these structures are formulated.
PLANAR TENSEGRITY STRUCTURES
A tensegrity structure consists of bars and tendons, arranged in such a way that the structure has integrity and is not a mechanism. This is achieved by prestressing the tendons by a tensile force. The term tensegrity stems from the words tensile and integrity, that appear in the definition of a tensegrity structure. A planar tensegrity structure is one that only extends in the plane. A tensegrity structure can be of class 1, where bars are only connected by tendons, and do not connect directly, or of class 2, where a connection can connect up to two bars and a number of tendons. This can be generalized to a class k definition. Often a tensegrity structure is made up of nested tensegrity structures, giving it a fractal character. This is beneficial for analysis and design, because only a limited number of structures needs to be investigated. Those structures can then be used to build up a more complex structure.
Description of Planar Tensegrity Structures
An elementary stage, numbered i, of a planar tensegrity structure of class 1 is given in Figure 1 . This stage can be repeated indefinitely, by replicating it, shifted some distance of the horizontal dimension, to build up a planar structure in x-direction. It could also be replicated in y-direction or both.
Indicated are the numbering of the tendons that belong to stage i, given by t can be removed, while the structure still has integrity and does not become a mechanism. Diagonal tendons are included because it avoids infinitesimal movements of the stages relative to each other without causing infinitesimal correcting forces. Without diagonal tendons the stiffness is derived from second order effects (i.e., it is zero in the linear approximation, except for prestress). So, a better approach to get a minimal number of tendons is to eliminate vertical tendons and keep some diagonal tendons. This is done for the symbolic model.
The left side of the structure has to be modified for the boundary condition, and is given in Figure 2 . Besides modifications for the differences in boundary geometry, the left side removes the three DOF of the rigid body, in effect, it restricts movement of the upper left node in both x and y-coordinate direction, i.e., the node is translationally fixed, and of the lower left node in the x-direction. A result of the restrictions is that the vertical left tendon t 1 1 of the structure cannot rotate, although both bars of stage i ¼ 1 are still free to rotate. Note that tendons t i 6À9 no longer appear for i ¼ 1 and that some tendons connect to other nodes than in the previous figure.
The right side is in Figure 3 . There are no restrictions specified at this boundary. Only differences in geometry are taken into account, the connection of some tendons is to different nodes than in Figure 1 .
The main goal of the models is to enable evaluation of measures of performance. The symbolic linear model presented later is useful in deriving analytical expressions for static situations, but not for evaluation of dynamic performance. The nonlinear model can be used to evaluate the results with simulations, to check stability, and to assess robustness issues.
TENSEGRITY STRUCTURE MODELS
Two models are developed, a symbolic (linear) model for small displacements and a numeric (nonlinear) model for arbitrary displacements and dynamic analysis.
The symbolic model is needed to get analytical expression for stiffness and stiffness-to-mass ratio as a function of the geometrical parameters. The numeric model is used to determine static equilibrium forces, which is done by solving a linear programming problem that includes positivity constraints for the tendon forces.
The basic assumptions in setting up the models are:
1. A bar is straight and of uniform cross section and density 2. The central moment of inertia for rotation of a bar around its principal axis is zero 3. A bar is of fixed length, so infinitely stiff axially 4. A tendon is massless 5. A tendon has no torsional or bending stiffness, but has finite axial stiffness 6. A bar has two nodal endpoints, which are of zero dimension 7. A tendon is connected to a bar at a nodal point only 8. External loads are only applied at a nodal point 9. External loads do not include bending or torsional loads 10. There are no potential fields (e.g., gravity)
Owing to these assumptions, the bars are axially loaded only, except during transients. Although members in a tensegrity structure are axially loaded only, the structure itself has a finite stiffness for bending and torsion. 
Nonlinear Dynamic Model
The model of the complete structure is quite elementary, being built up of rigid bars that are connected by flexible tendons, and can best be developed by a classical Newtonian formulation, because we are also interested in forces internal to the structure.
The model for a single bar, see Figure 4 , moving in the plane is
using as bar coordinates the position p of the center of mass and the orientation angle around this center. The mass m and central moment of inertia J are the physical parameters that specify the dynamics of the bar. We can compute the forces F b and moment M b from the nodal force vectors f n 1 and f n 4 , assumed given in Cartesian components, by
The model for a tendon can be derived from classical continuum mechanics. A simple model, linear elastic, for material behavior is ¼ E" with E the modulus of elasticity, and where ¼ F t =A, the stress, is the ratio of tendon force and cross-sectional area, and " ¼ Ál=l 0 , the strain, is the elongation Ál ¼ l À l 0 divided by the unstressed length l 0 . This gives
to compute the tendon force magnitude F t given l 0 and l. To compute the unstressed length when both F t and l are known, use
Note that the length l can be computed as the Euclidean norm of a tendon vector t, l ¼ ktk.
A tendon vector t is computed as the difference of the two nodal point vectors that the tendon connects to, and taken to point in up/right direction, where right takes precedence, t ¼ p n j À p n k .
The Cartesian coordinates p n of the nodal points can be computed as
The stressed length l determines the tendon force magnitude F t . The direction of the tendon force vector f t comes from the tendon vector t because those vectors are aligned
where the tendon vector needs to be scaled by its Euclidean norm. Nodal forces f n are computed by summing tendon forces f t for those tendons connected to a particular node, taking account of the sign convention,
where w n is an external load acting on nodal points. The equations for individual bars can be composed in the usual way to form the following set of differential equations
where the generalized coordinate q gathers the bar positions p and orientations , the load w gathers the nodal loads w n , the generalized force T follows from the bar forces F b and moment M b , and M is the mass matrix, composed from the m and J terms for the bars. For a static model €is equated to zero and the resulting algebraic equations, Tðq, wÞ ¼ 0, represent the equilibrium conditions. For a planar tensegrity structure with given geometry and topology, i.e., given the positions of the nodal points and the connections between those points, the required tendon forces to make a certain configuration q under load w an equilibrium can be computed by solving a linear programming problem. The computed tendon forces required for an equilibrium are not unique and can also be scaled.
To see why a linear programming formulation is possible one has only to realize that the tendon forces F t and load w appear affinely in the equilibrium conditions, so it holds that AðqÞF ¼ w represents the equilibrium conditions, with AðqÞ a fat matrix of full rank and F a vector of tendon forces F t . The linear programming problem that needs to be approached for feasibility is
The problem is feasible, i.e., has a solution for AðqÞF ¼ w with positive tendon forces F, if can be made smaller than 0. As soon as that is obtained the optimization can be cut short. See Figure 5 equilibrium configurations q of a three-stage planar tensegrity structure. This result is obtained by gridding for a single nodal coordinate, giving several q's, and testing feasibility for all grid points.
The shaded region in picture 2 of Figure 5 illustrates the set of possible locations (equilibria with positive tendon forces) of the nodal point located at (0,0) in the top picture. Likewise, in picture 3 of Figure 5 , the shaded region represents the set of possible equilibria for the nodal point at (3,0) in the top picture. The fourth picture describes the possible locations of the nodal point at (2,0). The shaded regions extend in an obvious way outside the boundaries of the pictures.
Note that only three possible nodal configurations are presented. Other configurations follow from symmetry relations. For cases where two or more points are simultaneously perturbed the computational burden to establish feasibility becomes prohibitive, due to the gridding, and a more direct approach would be beneficial.
Linear Symbolic Static Model
The symbolic model is derived for a planar tensegrity system, as seen in Figure 6 for a three-stage structure, with a minimal number of tendons, so compared to Figure 5 the ''inner'' vertical tendons and the ''uneven'' pairs of diagonal tendons are removed. Only the horizontal and the left and right vertical tendons and the diagonal tendons that cross the overlap are included in the model.
The equilibrium conditions for small perturbations of the DOF are used to derive a set of equations that is linear in the perturbations of the DOF. Loading the structure and computing the deflection will then give insight in the stiffness and stiffness-to-mass properties of the structure. For the stiffness analysis it is assumed that the load is a vertical force at the top/right node of the structure and the relevant displacement is of this node, although arbitrary load conditions can be specified.
The goal is to optimize the geometry, characterized by the overlap between the stages of a multistage tensegrity structure and the angles of the bars. The optimum depends on the assumption on the stiffness of the tendons, on the number of stages, and on the slenderness of the structure. The number of stages, overlap, and slenderness together determine the bar angle, so not all factors are independent. To get an ''easy'' parameterization, the overlap and slenderness are used.
STIFFNESS AND STIFFNESS-TO-MASS RATIO
To characterize the geometry, two nondimensional parameters are used, the slenderness ratio l ¼ l x =l y , with l x and l y the horizontal and vertical dimensions of the structure, and the overlap factor s in the overlap h ¼ sl x between stages. The overlap h is the distance between the right nodes of stage i and the left nodes of stage i þ 1. The parameters s and l will be varied in characterizing the solutions. The external force w and the stiffness factor k of the tendons always appear in the combination w=k in the deflection. In the stiffness the force w drops out and k appears affinely. For the stiffness-to-mass ratio the mass is computed assuming a constant cross-sectional area A b and the same specific mass for all bars. The mass of the bars is then proportional to their lengths, which can be expressed as a function of l y , l, and s, where l y appears affinely.
The horizontal projection of a bar is l 2 ¼ ll y ððn À 1Þsþ 1Þ=n with n the number of stages, the vertical projection of a bar l 1 ¼ l y , the length of a bar is l b ¼ ðl
1=2 . The lengths of the tendons are l 1 , l 2 À h, h, l 2 À 2h, or
, respectively, depending on the tendon. The tendon lengths depend on s. Only for 0 < s < 1= ðn þ 1Þ the topology is well-defined, except for n ¼ 2 where 0 < s < 1 holds. Outside this range for s we will have tendons that run parallel to each other, so an equilibrium with positive tendon forces is not possible, and the topology has to be changed, see (De Jager and Skelton, 2003) .
To reduce the number of symbols and to speed up the symbolic computations a unit load is assumed. Furthermore, l y and the constant factor in k are equated to 1, because their influence on the results is easy to determine. Then, in the equations three parameters are used, l, s, and l d , although the length of the diagonal tendons, l d , is a known function of l and s. This is done to prevent a square root appearing in the equations. Now only rational polynomials are involved. This overparameterization allows the computation to proceed even for a large number of stages. The relation for l d is substituted in the solution of the set of equations to get the final results reported later.
To compute the results the symbolic (analytical) model of planar tensegrity structures of class 1 is used. See Figure 6 for an example of a three stage tensegrity structure. For the stiffness of the tendons three cases are explored:
1. k t ¼ k is constant and the same for all tendons. Here the length of a tendon does not influence its stiffness properties. 2. k t ¼ EA=l t , with l t the tendon length, E the modulus of elasticity, and A the cross-sectional area of a tendon. It is assumed that the tendons are all of the same material and have the same cross-sectional area, so EA is the same for all tendons. This relation can give negative stiffness, e.g., when s < 0. 3. k t ¼ EV=l 2 t . This relation is relevant when it is assumed that in the previous relation for k t the cross-sectional area A varies inversely proportional to the length, due to a constant volume restriction. This relation always gives positive stiffness.
The model is valid for infinitesimally small variations in the DOF of the structure around an equilibrium and only equates the equilibrium conditions in those perturbed states due to a certain load, it is not a dynamic model and it also does not account for prestress, this having a small effect in our structure due to the use of diagonal tendons. With this assumption we can get a model consisting of a square system of equations linear in the unknown perturbations in the DOF, with the loads as a forcing function (right-hand-side). This linear system of dimension 6n À 3 will be solved symbolically. The left side of the structure is fixed to earth, removing three DOF. So for n ¼ 256 a square system of size 1533 Â 1533 is solved symbolically, a remarkable feat. The results give the displacements of the DOF, and also all results that can be derived thereof, as a function of the load conditions w, the tendon stiffnesses k t , and the geometrical parameters l y , l, and s.
For optimizing the geometry we use a single load condition and two criteria to optimize. The load is a vertical force w at the top/right node. The first criterion is the stiffness of the structure regarded as a beam, w=y, the ratio of force on and displacement of the top/right node. The second criterion is the stiffness-to-mass ratio, w=y=m tot , with m tot ¼ 2 nm the total mass and m the mass of a single bar, equal to A b l b .
The resulting relations are proportional to k, EA, or EV and inversely proportional to various powers of l y , depending on the stiffness model, and further have a ''polynomial'' denominator (including powers of square roots) in s and l. To obtain stationary points these relations are differentiated with respect to s, and then equated to zero. The resulting algebraic relation can be solved for s analytically, but only when the degree of the polynomial is not too large, but this is the case here, as will become clear from the results. In general this solution is quite complex for polynomials of degree 3 and larger, and a graphical solution will give additional insight.
RESULTS FOR STRUCTURAL ANALYSIS
We now present and discuss the results for several cases:
. three tendon stiffness models, . stiffness and stiffness-to-mass ratio, . structures with different number of stages.
For this case the structural stiffness K is of the form
: Table 1 gives the numeric values of the parameters in this relation. When the tendons have different stiffnesses k t , the parameters b ij are composed from terms like 1=k t . In this case the optimal values of s are independent of l, l y , and k, and are also given in the table. Inspection shows that the optimum is equal to s ¼ ð2n À 1Þ= ð5n À 1Þ. In Figure 7 this relation is depicted.
Except for n ¼ 2 all values are outside the range 0 < s < 1=ðn þ 1Þ for which the assumed topology makes sense. However, for this specific tendon stiffness relationship, other appropriate topologies give the same result for the structural stiffness, and so also for the optimal geometry. In fact, the optimum tends to be like a super tensegrity cross, where the overlap factor is so large that stages are only slightly shifted with respect to each other, see Figure 8 . For the stiffness-to-mass ratio, we have to divide the previous relation for K by the mass M of all bars, which is of the form
, a 20 ¼ 1, and a 00 ¼ n 2 . See Figures 9 and 10 to get an idea how the stiffness-to-mass ratio looks as a function of l and s. Here, the stiffness-to-mass ratio is scaled by A b l y .
Note that the dependency on s is not that large, which indicates that the choice of overlap s is not critical. The dependency on l is much more important. Furthermore, the stiffness decreases dramatically if the number of stages increases. This could be expected, because increasing the number of stages increases the number of tendons and, because the tendon stiffness is constant, therefore the stiffness of the structure decreases.
The optimal s for the stiffness-to-mass ratio is a function of l, but not of l 1 or k. For n ¼ 2 and n ¼ 32 the optimal s is given in Figures 11 and 12 solutions for s are outside the range of validity of the model. The negative overlap s reduces the length of the bars, but it leaves us with a situation that some tendons are required to transmit a compressive force, which is not possible. A solution would be to move members from the tendon class to the class of bars, causing nonsmoothness in the mass relation. Probably this will cause s ¼ 0, or a class 2 tensegrity, to be the optimal solution. For more information on these topologies see (De Jager and Skelton, 2003) .
In this case the stiffness is given by Table 2 gives the numeric values of the parameters in this relation.
The stiffness-to-mass ratio is given in Figures 13  and 14 . Note that these figures show a larger sensitivity for s, so a proper choice of s is important.
The stiffness is still influenced by the number of stages, but in general less than in the case of constant tendon stiffness. One could expect the stiffness to be independent of the number of stages, but this is not true. For l ¼ 0 and s ¼ 0, where only a=ðb 3=2 þ b 00 Þ is important, the stiffness depends mainly on the number of diagonal tendons, so decreases proportional to 1=n, as for the first stiffness model. For larger l the influence of the diagonal tendons diminishes, so the stiffness is less influenced by n. Now for both stiffness and stiffness-to-mass ratio the optimal values of s depend on l and are given in Figures  15-18 . The optimal values for s do change, and smaller values of s are preferred in this case. This is caused by the stiffness relation, where now for s < 0, or in other cases were the topology becomes inappropriate, the computed stiffness become negative, which is quite profitable for the stiffness of the structure. Figure 15 . Optimal s for stiffness, n ¼ 2 and k t ¼ EA/l t . Figure 13 . Stiffness-to-mass ratio for n ¼ 2 and k t ¼ EA=l t . Again the optimal values of s for both stiffness and stiffness-to-mass ratio depend on l, and are given in Figures 21-24 . Note that in this case the optimal values of s are mostly within the validity of the model. It appears that the optimum is reached in such a way that no extreme length of tendons occurs. It is clear that a long tendon would negatively influence the stiffness of the structure due to the stiffness relation.
Discussion
To illustrate the influence of the number of stages on the stiffness and stiffness-to-mass ratio we discuss two situations. First, when l ¼ 0 and s ¼ 0, so only a=b 00 or a=ðb 3=2 þ b 00 Þ is relevant for K, stiffness decreases proportional to 1=n, so in the same way, for all three stiffness models. This result is expected, because the diagonal and vertical tendons only influence the stiffness, and their length is the same and their number increases with n, so when l y ¼ 1, stiffness is also the same for the three models. In this case the mass increases proportional to n, so the stiffness-to-mass ratio is proportional to 1=n 2 . Second, when l ! 1 and s ¼ 0, so only a=b j0 , j ¼ 2, . . . , 4, is relevant, the stiffness decreases for the first two stiffness models, fast for the first and slow for the second, but increases for increasing n for the third model, see Figure 25 . This is also as expected. The increase in the number of stages decreases the length of the diagonal and the horizontal tendons, so they become stiffer in the last two stiffness models but also the number of tendons increases, so for the second model a constant stiffness could be expected. Since the change in length of the diagonal tendons is less than proportional to 1=n, but their number increases with n, there is still a slight decrease in stiffness for the second model. For the third model the stiffness increase dominates, so the stiffness of the structure increases for increasing n. In this case the mass is independent of n, as long as l is much larger than n, so the stiffness-to-mass ratio relation is the same as the stiffness relation.
As the second stiffness model is probably the most relevant, one can conclude that it is best to choose the lowest number of stages possible, preferably equal to 1, giving the highest stiffness. Other considerations, e.g., failure modes of the structure or shape requirements, may lead to a larger number of stages. Because the stress in the horizontal tendons will probably not vary very much if the number of stages varies, failure of the bars due to buckling will be the dominant failure mode for larger l that could give rise to the use of a larger number of stages. Other considerations could be geometry of the structure, e.g., if the outside or closure of the structure has to have some specified shape, which may lead to a larger number of stages. Besides an optimal choice of s, the results lead to a design guided by possible failure of the structure, strength, and buckling considerations, to obtain the minimal number of crosses necessary.
A comparison with results obtained for optimal stiffness-to-mass ratio for continua, the Michell truss (Michell, 1904) , reveals that it may be better to not use tensegrity structures of class 1 when dealing with unidirectional static loads, e.g., loads due to gravity, but to use tensegrity structures of class 2, where in a nodal point up to two bars can meet, at least for the planar case. In our setup this is equivalent with s ¼ 0. For space applications, or other applications where a dominant direction of forces is not prevalent, tensegrity structures of class 1 have their merits.
